We discuss a class of flat FRW cosmological models based on D=4 axion-dilaton gravity universally coupled to cosmological background fluids. In particular, we investigate the possibility of recurrent acceleration, which was recently shown to be generically realized in a wide class of axion-dilaton models, but in absence of cosmological background fluids. We observe that, once we impose the existence of radiation -and matter -dominated earlier stages of cosmic evolution, the axion-dilaton dynamics is altered significantly with respect to the case of pure axion-dilaton gravity. During the matter dominated epoch the scalar fields remain either frozen, due to the large expansion rate, or enter a cosmological scaling regime. In both cases, oscillations of the effective equation of state around the acceleration boundary value are impossible. Models which enter an oscillatory stage in the low redshift regime, on the other hand, are disfavored by observations. We also comment on the viability of the axion-dilaton system as a candidate for dynamical dark energy. In a certain subclass of models, an intermediate scaling regime is succeeded by eternal acceleration. We also briefly discuss the issue of dependence on initial conditions.
Introduction
Although no fundamental scalar particles have been discovered yet, many attempts to extend the Standard Model of particle physics naturally introduce new scalar and/or pseudo-scalar degrees of freedom, e.g. scalar superpartners of Standard Model fields in a supersymmetric framework, moduli fields related to geometric properties of compactified extra dimensions, etc. Whereas on the one hand this leads to challenging problems [1] , on the other hand these new fields could provide interesting candidates of dynamical dark energy [2] .
Of particular interest in cosmology are low-energy effective theories where the gravitational sector includes, apart from the metric tensor, scalar (or pseudo-scalar) degrees of freedom that could provide a gravitational interpretation of early (inflationary), or recent (quintessential), periods of acceleration.
In the extensively studied case of Scalar-Tensor (ST) theories of gravity [3] , the existence of one or more scalar partners of the graviton leads to modifications of the Hubble expansion and of Newton's law [4, 5] . While ultra-light scalar fields * are in general potentially dangerous sources of new long range forces, interestingly enough, ST theories are protected against any violation of the weak equivalence principle by a universal metric coupling between matter and the gravity sector [5] . Because of this property, ST theories provide a natural framework to address the issue of dynamical dark energy [6] . On the other hand, inflation can also be successfully achieved in a ST picture [7] .
The ST scenario can be generalized to include also pseudo-scalar fields. This is the case, for instance, of axion-dilaton (AD) gravity, which can be viewed as a prototype of theories where a "dilaton-like" scalar and an "axion-like" pseudo-scalar appear as spin zero partners of the graviton. Such a picture naturally emerges from the NeveuSchwarz bosonic sector of the low-energy string effective action [8] . Black hole solutions of this theory have been found in [9] , while domain wall solutions were given in [10] . A more general class of stationary supersymmetric solutions was discussed in [11] . Cosmological implications of such a theory -up to first order in perturbation theory -were investigated in [12] , where for the first time the spectrum of cosmological perturbations was computed.
It has been pointed out recently that AD gravity theories with an exponential dilaton potential admit cosmological solutions which give rise to the interesting phenomenon of recurrent acceleration [14] . By a detailed phase-space analysis of the AD dynamical system, the authors verified the generic occurrence of recurrent acceleration in the regime of a spiral focus associated to a runaway behavior of both fields. In this picture, the present acceleration does not appear as a peculiar stage of the cosmic history, being likely a transient or even recurring phenomenon. In particular, they conclude that the future evolution of the universe is by no means determined to be accelerating forever, in obvious contrast to standard ΛCDM cosmology.
However, in order to relate these results to the observed accelerated expansion of the universe, it is crucial to take into account the non-gravitational sector of the theory. While Sonner and Townsend [14] considered models comprising only the graviton, the axion and the dilaton fields, the purpose of the present paper is to investigate how the contribution of cosmological perfect fluids -(dark) matter and radiation -modifies the evolution of the AD system. Avoiding any attempt of constructing a fully realistic model, we assume that the gravity sector fields couple in a universal metric way to the background fluid. This choice is inspired by the aforementioned ST theories.
The main result of our analysis is that recurrent acceleration is no longer a generic feature of the (modified) AD dynamical system, once we impose the pre-existence of a radiation (RDE) and a matter dominated (MDE) era and take into account the finite contribution of (dark) matter to the present energy density.
Our paper is organized as follows. In section 2 we present the cosmological evolution equations of AD gravity coupled to matter in a universal metric way. Due to this coupling any matter field experiences gravitational interactions through the same metricg µν , which is conformally related to the Einstein frame metric by a dilatondependent function. As it will be made explicit in section 2, the dilatonic part of the interaction is parametrized by a function Q. The simplest case of minimal coupling corresponds to Q = 0 and will be discussed separately in sections 3 and 4; the more general case of constant Q > 0 is treated in section 5. In section 6, which is devoted to our conclusions, we also briefly comment on the viability of AD models as candidates of dynamical dark energy. In the appendices we summarize some basic facts concerning dynamical systems terminology and give details of the calculations.
Axion-dilaton cosmology
The class of models we are interested in is described by the following action
where
In Eq.
(1) R is the Ricci scalar constructed from the Einstein frame metric g µν , A(Φ) is an arbitrary function of the dilaton field (to be specified below) and γ, as well as λ > 0, are real constant parameters. The background fluid sector is described by the action S fluid . Hereafter "background fluid sector" refers to the sector of the theory that includes all the fields Ψ of the Standard Model (or of one of its possible extensions) which we assume to be coupled to the gravitational sector (S AD ) by means of the same
Strictly speaking, by this choice we neglect any non-universal couplings of the AD system , in particular interactions with the field strength of some gauge field, i.e. ∼ Φ F µν F µν in the case of the dilaton, and ∼ σ F µνF µν in the case of the axion. In fact, such couplings are generically present in any theory which couples AD gravity to a matter and gauge sector (see for example [15, 16] ). However, a proper treatment of these interactions and their consequences in a cosmological framework is beyond the scope of this paper. On the other hand, our analysis applies -more generally -to any complex scalar field with modular invariant † kinetic term.
The introduction of an exponential potential for the dilaton explicitly breaks the SL(2, R) invariance of the usual AD gravity. Such a potential with 2λ = γ emerges, for instance, from a truncation of the Freedman-Schwarz D = 4 supergravity theory [13] (see also section 4.3 of [10] for an alternative motivation).
In a flat FRW Universe,
the cosmological equations obtained from the action (1) 
where Q(Φ) is given by
The background fluid energy density ρ fluid obeys the continuity equatioṅ
with equation of state parameter w fluid ∈ [0, 1 3 ], the limit values corresponding to pure matter and pure radiation respectively.
Introducing the following dynamical variables,
the system (3)- (6) can be rewritten in autonomous form, straightforwardly generalizing the set-up of [17] ,
where N = ln a, and Q is assumed to be a positive real constant, corresponding to A(Φ) ∼ exp(−QΦ). The given system of evolution equations defines a three-parameter family of dynamical models with four-dimensional compact phase-space,
and can, furthermore, be restricted to (x 2 , y, z) ≥ 0, since the system is invariant under change of sign in any of these variables. Using the new set of variables, the effective equation of state parameter can be conveniently expressed as
The equation w eff (x 1 , x 2 , y, z) = −1/3 defines the boundary of the domain of accelerated expansion in phase-space. The purpose of the succeeding section is to reproduce the findings of [14] within the chosen framework, corresponding to the theory of Eq.(1) truncated by S fluid = 0.
3 Axion-dilaton dynamics (S fluid = 0) Provided a flat FRW universe and absence of a cosmological perfect fluid, the phasespace of the AD system is two-dimensional. We choose it to be spanned by {x 1 , x 2 }. The Friedmann constraint equation now reads
and we can eliminate y from the system:
The equation of state is then given by
2 ) − 1. Each model is characterized by a number of stationary solutions, or critical points, of the corresponding autonomous system. (We refer to the appendix concerning a brief summary of relevant terminology.) We find the following set of stationary points X s = (x 1,s , x 2,s ), given as functions of the parameters:
fixed point 
of the vector function
evaluated at X s . (See the appendix for more details.) We find the following eigenvalues:
The fixed point J is a spiral focus if 
Recurrent acceleration
We now discuss under which conditions recurrent periods of acceleration can be realized within the family of dynamical models given by Eqs. (14) - (15).
Let us first observe that, according to table 1, accelerated expansion is possible at the fixed point G -if λ < √ 2 -or at the fixed point J -if γ > 2λ. Then, restricting ourselves to the case γ > 0, we can distinguish three possibilities to realize a model which generically allows for periods of accelerated expansion. We give examples of phase portraits of the different cases below.
As we will see, in agreement with [14] , recurrent periods of acceleration are efficiently produced by models corresponding to a subset of parameter space where the fixed point J is stable and a spiral focus (figure 6).
G stable
If λ < √ 2, the attractor G is situated within the domain of accelerated expansion. In this case, once acceleration has set in, it will last forever . If √ 2 < λ < √ 6, it can be a transient phenomenon along a subset of trajectories (figure 1).
J stable, G saddle point
If J is the attractor, the domain of acceleration in parameter space is bounded by γ = 2λ. The phase-portrait of the system depends crucially on the progress of the special trajectory connecting the saddle point G with the attractor. We will hereafter call it the connecting trajectory. If λ < √ 2, both G and J are situated within the domain of acceleration in phase-space, and hence the connecting trajectory is completely con- tained within this domain as well. Any trajectory approaching the connecting one will therefore remain inside the acceleration domain once having entered it (see figure 2) . If, on the other hand, G is situated outside, recurrent acceleration can be generically realized, if the spiral focus J is located close enough to the acceleration boundary, such that any trajectory approaching the attractor crosses the boundary repeatedly, as does the connecting trajectory (figure 3). 4, 20) . Only a single trajectory is shown.
J spiral focus, G non-existing
In this case, recurrent acceleration is most generically realized. At λ = √ 6, the fixed point G merges with B 1 . The dynamical evolution of the system is now totally determined by the saddle points B 1 and B 2 , situated at the phase-space boundary, and the spiral focus J. (The condition (17) is trivially fulfilled in this part of parameter space.) Each trajectory winds around the attractor several times, undergoing subsequent stages of accelerated and decelerated expansion. As figures 4 and 5 show, this feature is almost independent of the position of the attractor with respect to the acceleration boundary.
4 Axion-dilaton dynamics in presence of cosmological fluids: the case Q=0
We are now prepared to discuss stationary solutions of the full system (10)- (13), but setting Q = 0. We find the following set of critical points X s = (x 1,s , x 2,s , y s , z s ):
A : (0, 0, 0, 0),
The density parameter of the AD system is given by
Furthermore, we note that now, in the general case,
The existence condition reads
with x 1 , x 2 , y, z real. The eigenvalues of the Jacobi matrix determining stability of the different fixed points are given in the appendix. We display properties of the fixed points in table 2. We find a radiation dominated repeller C, a matter dominated saddle point A, and three different AD dominated regimes, B 1,2 , G, and J, already present in the reduced system (S fluid = 0). In addition, there are two different scaling solutions ‡ :
fixed point existence stability Table 2 : Properties of the fixed points of system (10)- (13), with Q = 0.
E, where the energy density of the AD system scales like radiation, and F, where it behaves like matter. These two fixed points are characterized by Ω AD < 1.
The subset of fixed points exhibiting x 2 = 0 is identical to the set of fixed points characterizing single-field models with exponential potential (see [2] , and references therein). These fixed points correspond to trivial solutions of the axion equation of motion (4) and our analysis shows that such configurations are indeed stable in a wide range of parameter space.
The existence of stationary solutions with x 2 = 0 is related to the sign of the friction term in the axion equation of motion, i.e. the quantity 3H − γΦ. As long as 3H − γΦ > 0, the axion evolves toward a configuration whereσ = 0 and therefore x 2 = 0. On the other hand, stability of the fixed point J with x 2 = 0 implies
3/2, which is equivalent to 3H − γΦ < 0. In figures 6 and 7 we show the different domains of stability in parameter space of both theories, with and without a cosmological fluid background. Most relevant is the appearance of the new fixed point F , which is either a stable focus or a saddle point in a significant range of parameter space.
Recurrent acceleration in presence of background fluids?
In this subsection we investigate to which extent a perfect fluid background affects the possibility of recurrent acceleration.
Following our discussion presented in section 3, we assume J to be a spiral focus, located close enough to the acceleration boundary in phase-space. In other words, we restrict ourselves to a subclass of models, corresponding to the neighborhood of the line γ = 2 λ in parameter space. We have to discuss three different cases in turn.
• λ < √ 2: G saddle point, accelerated expansion at G;
• λ > √ 3: F saddle point.
We will focus on the behavior of the trajectory connecting the saddle point (F or G) with the attractor J. Generalizing our previous definition, hereafter we will refer to such a trajectory as connecting trajectory. Starting with the first case, we note that w eff (G) > w eff (J). This follows from the existence condition of J, which can be rewritten as λ 2 /3 > 2λ(λ+γ) −1 . The connecting trajectory is entirely contained not only within the domain of accelerated expansion, but also in the section of the phase space boundary defined by Ω AD = 1. Therefore, in this case we find no qualitative difference with respect to section 3. (See figure 2 for comparison.)
In the second case, the limiting trajectory itself crosses the acceleration boundary while spiraling onto the attractor. (See figure 3 for comparison.) In particular, any trajectory which enters the acceleration domain before approaching the saddle point G will experience at least two distinct stages of accelerated expansion. The first stage corresponds to the well-known freezing regime [2] of single-field models of dark energy: the dilaton field velocity remains close to zero due to the Hubble friction term dominating the equation of motion. The second stage is reached, when the trajectory re-enters the domain of acceleration in approaching the connecting trajectory and the regime of the late time attractor. If J is located inside the domain, accelerated expansion will continue forever.
In the third case the saddle point F is dynamically relevant. Moreover, at F w eff = w AD = 0 and the expansion is either dominated by matter or by the AD system scaling like matter, with Ω AD < 1. Due to the finite contribution of matter to the total energy density of the universe, we have now -in contrast to the previous casesw eff > w AD along the connecting trajectory. Thus, even if the connecting trajectory oscillates around w AD (J) ≈ −1/3 before reaching the spiral focus, recurrent acceleration is not implied. In particular, in any model with w eff (J) ≥ −1/3 it will never enter the domain of acceleration at all. However, we cannot exclude the possibility of w eff crossing the acceleration boundary more than once, if at the attractor w eff (J) < −1/3.
Numerical examples
The conclusions we drew in the previous subsection can be circumvented by resorting to a very special choice of initial conditions. For instance, the scenario of [14] can be recovered by setting
However, since we are ultimately interested in models which are able to reproduce qualitatively the standard evolution of the universe, as it can be reconstructed from cosmological observations [2] , we will hereafter only consider trajectories which are (at least marginally) consistent with the concordance ΛCDM cosmology. Furthermore, we will henceforth identify Ω AD with Ω DE and w AD with w DE , where the subscript DE refers to dark energy. It is a well-known, serious problem of dynamical dark energy models that their late time evolution typically still depends on initial conditions: In single-field models, for instance, the energy scale of the potential, i.e. in our notation y in , has to be fine tuned to satisfy Ω DE,today ≈ 0.75. In the present case one has to deal with an additional sensitivity on x 2,in , which will be explained below.
We will discuss these issues on the basis of two numerical examples, which are both characterized by an attractor solution given by fixed point J, preceded by a saddle point, which is G in the first case, and in the second one F . We have specified the respective trajectory by imposing initial conditions for the AD system at a temperature of O(1) MeV when (Ω rad /Ω mat ) in ∼ 10 6 , thereby ensuring the validity of our classical description. We assume the scalar fields to have already reached the freezing regime, relying on the fact that scalar field kinetic energy scales as a −6 . This leaves the possibility of a stage of kination [16] during a preceding epoch of higher temperature.
As it can be seen in figures 8 and 9, we find, in both cases, three successive evolutionary stages of the AD system: The first one, the freezing regime, is associated with the radiation dominated epoch (RDE) if F is the saddle point, or continues during the matter dominated epoch (MDE), if G is the saddle point. Thereafter the system enters the regime of the saddle point, which in both cases lasts for a significant number of e-foldings of expansion. Finally, there is the late time attractor regime. Remarkably, our present situation corresponds to the transition between stage one and two in one case (saddle point G), and two and three in the other (saddle point F ). This is related to the significant discrepancy in y in in our two examples (see the figure captions). Changes in y in affect in particular the termination of the freezing regime, while the choice of x 2,in determines the duration of the saddle point regime.
The value of x 2 decreases monotonically along a given trajectory as long as x 1 < 3/2 γ −1 and turns to increase when x 1 > 3/2 γ −1 (which is already true at the saddle point F ). The saddle point regime ceases, once x 2 has increased sufficiently to perturb x 1 away from its fixed point value: A non-zero axion kinetic term contributes to the effective potential in the dilaton equation of motion, Eq. (3).
On the contrary, the initial condition x 1,in influences just the early stage of the dynamical evolution: A set of trajectories differing only in x 1,in first converge toward the saddle point before they start to approach the attractor, thereby washing out any dependence of the late time evolution on x 1,in . The corresponding evolutionary path in phase-space is therefore completely determined by the connecting trajectory, provided we can safely assume x 2,in to be sufficiently small.
To demonstrate the impact of a cosmological background fluid on the AD dynamics, in particular concerning the phenomenon of recurrent acceleration present in the case S fluid = 0, we have also plotted -for comparison -the evolution of the system's equation of state in absence of the fluid background (observe the green lines in the figures). The admixture of a perfect fluid component to the initial composition has two effects on the evolution of the scalar fields: First, the reduction of Ω DE,in by a huge factor O(10 −10 ) allows for the existence of a freezing regime during RDE and/or MDE. Secondly (see figure 9 ), due to the existence of the scaling saddle point F , the first few, large amplitude oscillations of the equation of state are suppressed and partly replaced by oscillations around the saddle point value, leaving only rapid, small amplitude oscillations around the attractor value. Needless to say, this kind of oscillations in the DE and effective equation of state are -at low redshift -already disfavored by observational data [2, 19] .
We have to conclude that the characteristic feature of recurrent acceleration, as illustrated in figure 5 , disappears if we allow for a perfect fluid contribution dominating the earlier stages of evolution. In particular, the existence of a scaling solution preceding the spiral focus regime reduces number, amplitude and period of possible oscillations in w eff crossing the acceleration boundary. , 4). Evolution of w DE (blue, dark curve), w ef f (yellow, light curve), with N := − ln(1 + z), N = 0 referring to the present. The trajectory is specified by initial conditions (x 1 , x 2 , y) in = (10 −18 , 10 −18 , 10 −17 ). For comparison, the green curve shows the evolution along a trajectory with Ω mat = Ω rad = 0, as in the Sonner Townsend case, but the same ratio between initial kinetic and potential energy of the scalar fields. (4, 20) . Evolution of w DE (blue, dark curve), w eff (yellow, light curve), with N := − ln(1 + z), N = 0 referring to the present. The trajectory is specified by initial conditions (x 1 , x 2 , y) in = (5×10 −28 , 5×10 −28 , 5×10 −10 ). For comparison, the green curve shows the evolution along a trajectory with Ω mat = Ω rad = 0, as in the Sonner Townsend case, but the same ratio between initial kinetic and potential energy in the scalar field sector.
5 Axion-dilaton dynamics in presence of cosmological fluids: the case Q > 0
The set of equations (10)- (13), with Q allowed to be non-zero, defines a three-parameter family of models, each characterized by a set of fixed points in a four-dimensional compact phase-space. These fixed points are:
With respect to the case Q = 0, we find two additional stationary points, namely D and H. The fixed point D is associated to RDE. Properties of the fixed points are displayed in table 3.
In figures 10 and 11 we show two sections of parameter space, with Q = 1/2 and Q = 1 respectively, to cover the different possibilities of stable fixed points. Due to the positivity of Q, the AD energy density gets enhanced at expense of the matter sector. If Q is sufficiently large, not a single fixed point remains with w eff equal or at least close to zero, indicating suppression of MDE. However, we have to note that such large values of Q are unphysical because of the existing bounds on a universal metric coupling between matter and gravity [5, 20] .
Moreover, let us emphasize that increasing Q does not re-establish recurrent acceler- Table 3 : Properties of the fixed points in the case Q > 0.
ation. As in the case Q = 0, generic trajectories which converge toward the spiral focus J approaching the connecting trajectory, always spend a certain number of e-foldings close to a saddle point, where either radiation or matter dominate. Depending on the parameter values, the relevant saddle point is either F , A, H, D or E. . Horizontal axis: λ, vertical axis: γ. Regions of stability of the various fixed points are indicated. The full line is the stability boundary of J. F can only be stable if 2 < λ < 7/2. For λ > 7/2 we find new attractors A (if γ < 5/2) and H. In the shaded region acceleration is impossible at the attractor. 
Discussion and conclusions
We have investigated a family of flat FRW cosmological models in D = 4, focusing on the dynamics of a scalar (dilaton) and a pseudo-scalar (axion) partner of the metric field in presence of cosmological background fluids. Neglecting any specific interaction term of the axion and the dilaton, which are present in particle physics or string motivated models, we have considered the -simplified -scenario of universal metric coupling.
Motivated by recent results of [14] , where recurrent acceleration was verified in a large class of AD models in absence of matter or radiation, we have analyzed the possibility to combine the phenomenon of recurrent acceleration with a cosmological background evolution in concordance with ΛCDM cosmology. In particular, we have considered the viability of the AD system as a candidate of dynamical dark energy. Using a different choice of dynamical variables, well-suited to the more general case with background fluids, we were able to reproduce the findings of [14] (corresponding to S fluid = 0) . The new feature of models with S fluid = 0 is the existence of a stationary cosmological scaling solution within a wide range of parameter space. As long as Q is (close to) zero, the relevant fixed point is F , corresponding to matter dominance. In particular, if being a saddle point, F influences the evolution along generic trajectories in such a way that the phenomenon of recurrent acceleration, as observed in [14] , is reduced to small amplitude oscillations of the equation of state at low redshift.
We can certainly realize a model (by specifying parameters), which is able to reproduce the present stage of cosmic evolution as being a transient phenomenon. This is already possible in the single-field case, corresponding to the constant axion scenario within our dynamical system: The dilaton remains frozen, due to Hubble friction dominance, right up to the present, and later-on evolves toward an attractor solution exhibiting w eff > −1/3. On the other hand, if the axion dynamics is non-trivial, it is also possible to get a second accelerating stage in the future, which will then be ever-lasting.
Though we have to conclude that recurrent acceleration as described in [14] is not relevant to dark energy model building, we have discovered a different, interesting possibility instead, which we may call the F → J scenario. Does it provide a viable model of dynamical dark energy?
The co-existence of a matter-dominated scaling solution and a dark energy dominated accelerating solution is generally considered to be a very attractive feature of dynamical DE models [2, 18] . In the single-field case [17] , the existence of F is excluded by the stability condition of the fixed point G, which is the only available candidate to achieve late time acceleration. However, in presence of an axion field, the scaling regime of F can be succeeded by a stage of accelerated expansion, represented by the fixed point J. During radiation and matter dominated epochs, the evolution of the AD sector is determined by the saddle point, while our present situation corresponds to the transition toward the late time attractor solution. Unfortunately, the onset of this transition is subject to a certain fine tuning of initial conditions.
One single fine tuning of the scalar potential energy scale is always mandatory in dynamical models of DE, since it corresponds to setting the cosmic clock. The requirement of naturalness [21] strongly disfavors models which need a fine tuning of the same order as in the cosmological constant case. In this respect, two-field models incorporating the F → J scenario are certainly promising: In our numerical example, the potential scale is initially set to O(10 15 ) × Ω Λ | 1MeV . Even larger values are possible, but have to be compensated by reducing x 2,in , in order to keep the cosmic clock tuned. We need to emphasize, however, that extremely small values of the axion field velocity are by no means unphysical. In fact, the most natural solution is a constant axion, as long as the Hubble rate is large enough to keep the friction term positive.
To conclude, let us stress an intriguing feature of the class of models under consideration. Single-field potentials are typically required to be extremely flat in order to satisfy observational constraints. However, in the F → J scenario this is not true: there is no upper bound on the parameter λ determining the potential slope. This aspect opens up new possibilities for dark energy model building which we believe to be promising enough to motivate further investigation.
A Dynamical systems terminology
We consider a system of n first order ordinary differential equations (ODE),
which is called autonomous if none of the n functions f i explicitly depends on time. A solution of the system is given in terms of a trajectory in phase space, t −→ X(t) := (x 1 (t), ..., x n (t)), determined by choice of initial conditions X(t init ). A point X s := (x 1,s , ..., x n,s ) is said to be a critical, stationary or fixed point if
and an attractor if there exists a neighborhood of the fixed point such that every trajectory entering this neighborhood satisfies the following condition:
Now consider small perturbations around the critical point,
Linearizing the evolution equations we obtain a system of first order ODE linear in the perturbations,
where M ij := ∂f i (X) ∂x j X=Xs .
The general solution of this system is given by
where C ik are integration constants and µ k the eigenvalues of the Jacobi or stability matrix M, which we have assumed to be distinct for simplicity. Obviously the perturbation will decay if each µ k has negative real part. The critical points of a dynamical system can be classified in terms of the eigenvalues of the corresponding stability matrix. An attractor is characterized by the requirement
and called spiral focus if at least one pair of eigenvalues is complex and stable node else. Furthermore we will use the terminus saddle point if and only if M has one eigenvalue with positive real part. In any other case we call the fixed point unstable.
B Jacobi matrix eigenvalues
In the following we list the Jacobi matrix eigenvalues at the different fixed points of the models with background fluids. 
